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Abstract—The diffusion equation for the temperature distribution in each of k sections of a composite
with internal heat generation and either heating, cooling or perfect thermal contact at the k& — 1 interfaces
is solved. The composite consisis of k discrete plates, cylinders or spheres each of different material. The k
sections have an arbitrary initial temperature distribution and the media are exchanging heat at the external
boundaries through two different, though constant, acbitrary film coefficients with two different time
dependent surroundings.

The solution is obfained by using 2 unigue dependent variable substitution which gives 8 new partial
differential equation with homogeneous external boundary conditions. The solution for this derived partial
differential equation is then obtained by using the Vodicka type of orthogonality relationship,

The solution, thus obtained, gives the temperature distribution in any of the k plates, cylinders or spheres
for any position x and time 7 for the most general type of linear boundary, internal and initial conditions.

NOMENCLATURE s constant, defined by equation {41);
lal determinant; Mims N, derived eigenfunction terms [di-
Ay, By,  constants, mensionless];
Ay B, constants; m,n, integers;
gy elements of a determinant; No» sum of weighted integrals;
! bl determinant; P, constant;
<, constant; Q.. distributed source in the ith sec-
Cpis specific heat at constant pressure tion:
in the ith section; (D), function of time, defined by equa-
D, D,,, determinant; tion (42);
D?, thermal diffusivity in the ith t, time;
section: T{x,t), temperature in the ith section;
Ffn, function of time, defined by equa- Udx,t), derived temperature in the ith
tions (8) and (9); section;
G(x), derived function of x, defined by U, (1), function of time, defined by equa-
equation (10); tion 27);
. constant, defined by equation {43); Vix) initial condition in the ith section;
hy by, y, surface fim coefficients at the Upes constant, defined by equation {(49);
external boundaries; W, weighting function;
Rivys surface film coefficientat x = x;4 4, Xmix),  eigenfunction [dimensionless};
Pe 1,23, ...,k ~1; X, spatial coordinate;
ijk, integers; v,{8), v,(t), temperature of surroundings;
K, thermal conductivity in the ith z, term in matrix equation;
section: Vi, Laplacian operator;
L), function of x, defined by equation B.En, integers;
{4); Voo eigenvalue;
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0(x), defined by equation (6);
/it ratio of thermal conductivities,
dimensionless:
Qs density in the ith section.
INTRODUCTION

THE TREATMENT of problems in diffusion through
composite media have been handled by many
authors; some examples of these methods are
given in Conduction of Heat in Solids by H. S.
Carslaw and J. C. Jaeger in which they used
complex variable methods and residue theory
to obtain the temperature distribution. The
difficulty with the above mentioned techniques
is that for composites with more than two layers
the usual analytical techniques become very
formidable and practically preclude obtaining
solutions in this manner. The first significant
contribution to solving problems of this type
occurred in two classic papers by V. Vodicka
[8 9] in 1950 and 1955. The method was
independently developed by C. W. Tittle [7] in
1965. These solutions are based on a new type of
orthogonality relationship in which the ortho-
gonal sets are constructed from the non-
orthogonal eigenset, which comes about from
the separation of variables method of solution,
by using orthogonality factors for each layer
which are obtained from the orthogonality
condition. This method was used by Bulavin
and Kascheev [2] in 1965 to solve the heat
conduction problem with heat generation in a
composite domain of k sections for plates,
cylinders or spheres that are insulated on one
boundary and are exchanging heat with a time
dependent surrounding on the other external
boundary. In 1967, Beach [ 1] treated conduction
heat transfer in multilayered cylinders with
temperature continuity at the interfaces and
Moore [5] solved the problem for a two-layer
slab with a temperature discontinuity at the
interface; both author’s used simple external
boundary conditions to obtain their solutions.
A fairly complete review of the literature in the
analysis of composite media is given by Ozisik

[6]-

In this paper, the particular problem of heat
conduction through composite media is solved;
the problem that is considered is of the most
general type for plates, cylinders and spheres.
The composite media have an arbitrary initial
temperature distribution, and are subject to
being heated or cooled at their mutual external
boundaries by two different, arbitrary, time
dependent surroundings, each having a different
arbitrary constant film coefficient through which
heat is transferred. At the k — 1 interfacial
boundaries. the media are subject to being
heated or cooled through difterent arbitrary
constant film coefficients through which heat is
transferred along with the condition of conti-
nuity of heat flux: for very large values of the
film coefficient (hy —» oc. & = 2,3,4.... k) at the
interfacial boundaries, the problem reduces to
that of temperature continuity at the interface.
The solution is developed by using a unique
dependent variable transformation which gives
a new partial differential equation with homo-
geneous external boundary conditions. The
solution for this new partial differential equation
is obtained by using the Vodicka type of
orthogonality relationship.

When one external film coefficient is zero and
all the interfacial film coefficients are very large,
the method gives solutions to the Bulavin and
Kascheev type of problem. Additionally, the
method reduces to a standard Sturm-Liouville
problem when k = 1, giving classical solutions
for problems of a single component.

PROBLEM
The temperature distribution in the ith section
of k solidly joined plates, cylinders or spheres
1s given by the diffusion equation:

0dv.1) 1 aTx, 1)
K, D} ot

xigxgxiﬂ’ i = ],2,3....,](,[20

V2T(x, t) + (1)

where

V? = Laplacian operator
T, = temperature in the ith section

i
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@, = distributed source in the ith section
K, = thermal conductivity in the ith section
= K/p;,C,; = thermal diffusivity in the
ith section
p; = density in the ith section
C,; = specific heat in the ith section.

The composite media are subject to the follow-
ing external boundary and initial conditions:

dT(xq, 1
@ K [T, 0 - 0]
b K, OTdXy 41, 1)

0x
= — I [ Tlxes 1 1) — ¥i(0)] v
© T(x,0) = V{x)x; < X < X4y
i=12,...k

where

hy, .y = external surface film coefficients
0 < hy, by < o0 (one but not
both may be zero)
v{t), ¥,(t} = temperature of surroundings.

The problem where both surface film coefficients
are zero corresponds to either insulated external
boundaries or a known heat flux input at the
external boundaries and the solutions can be
obtained in the same manner as given here.

At the internal boundaries, the media are
subject to the following conditions:

(a) "'K,‘ %f*— 1s I)
ox
= i [ TXie 15 0) — Ty (e 1s ] (3)
(b) K, 67}(’?“:!) ~ K, 0T (X415 1)
ox Ox
where

h; ., = surface film coefficient at x == x;,,,
i=12,...k
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To obtain homogeneous external boundary
conditions, let

Tix, 8y = Ux, 1) + Z Li{x)F{n) 4

=
X, KX € Xy, E= 1,2, 00,k t

=20
and further let
so that

Lij(x) =

X’;SXSVMl,E—“I A,

A;0(x) + By (6)
Wk f=1,2

The function 6(x) is given in Table 1 for rect-
angular, cylindrical and spherical geometries.
Substitution of equations (4) and (5} into
equation {1} gives

{x,t
D?VEU,'(X, I) + Diz Q;Ev;’ )
¢ U x,t dF {1}
-, ZL4>f ™
X, X € Xjpy, L= 1,2,3,...,k, >0
where
Fyt) = —y(t) (®)
and
Foft) = y5() )
Table 1.
 Geometry  0(x)
Plate X
Cylinder Inx
Sphere 1/x
For U{x, t}, the initial conditions are
2
Ugx,0) = Vx) ~ 'Zl Li{x) F{0) = G{x) (10)
i=
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the external boundary conditions are

t
K, ?U—la(x‘—’l — B Uy (x;,8) = 0
X (11

6 Uk(xk +1» t)
ox

and the internal boundary conditions are

(a)

(b) Ki + Mesq Udxs 0, 1) =0

cU.
(@ —K; —(xgn0=hy [Ufx 0.0
0x
Uiy i(x;40.00] (12)
OUAX; 1.t oU; i1 b
(b) K, x(;:+1 )z Koo +1{Xi41 }
X ox

The external boundary conditions for L;,(x) are

dLy4(xy)
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and the internal boundary conditions for L;,{x)
are

dL;(x;4 1)
(a) “Ki“%zhi+1[Lit(xi+1}
— L, 1(xi+1)] (14)
dLu(‘C,H) ALy, (x4 1)
() KD Sk el
For L,;,(x), the external boundary conditions are
dL }
@ K, jj(’ 12(x;) =0
X
(15)
dL (x }
(b) Ky—- kz a + M1 Lop(xps o) = My

and the internal boundary conditions are

K - h L ) = h dLl ,‘{i )
(a) ! dx L) ! {a) "Ki“"‘%il” = hi+l[Li2(xi+l)
dL, - Li+!.2(xi+l)] (16)
(b) KkW(XEH} + i Lgglxi ) = 0 (13) b) K‘dLiz(xi-kl) & dL;yq 5(Xi4q)
i dx i+1 d\'
[ K,0x,) - hbx) —hy 0 0 0
h—‘ "(x5) + 0(x,) 1 —0(x,) —1 0
. 0 —1 0 0
Kz ’
0 0 -}—1—'9(3(3) -+ 8(3(3) H —9(,\'3)
3
0 0 iy 0 —1
0 0 0 0 0
0
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Solution, L,;(x)

The solution for L,,(x) is obtained by apply-
ing the internal and external boundary condi-
tions, equations (13) and (14), to equation (6):
the result is a system of 2k linear non-homo-
geneous equations for determining the 2k
constants A;; and B;,.

In matrix form, the 2k simultaneous equations
are given by equation (17) and in matrix notation
they can be represented by

[a] {z} = {P} (18)

where the elements of the square matrix ag, &, 7,
=1,2,3,..., 2k are obvious and where

zy = Ay, Z, = Byy,
z3 = Ay, z4 = By,

Zzp_l :Aﬁl’ ZZﬁzBﬂl’ ﬁ= 1,2,3,...,]( (19)

Zok—y = Apy. Zy = By
0 0
0 0
0 0
0 0
0 0
;‘1;10’(xk) + 0(x,) 1 —0(x;)
k
0 —1

k-1

(=)
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and
Py =h,
Py =0, f=234,..,2k (20)
Equation (17) has a unique solution given by
N L R, 1
S BT el
D D

where D, is the determinant formed by replacing
the elements of the fth column (a4 az, .-,
dyy, ) by the P column (P, P, ..., P,,) in the de-
terminant of the coefficient matrix, |a|. Thus all
the A4;, and B;; can be determined.

Solution L;(x)

The solution for L;,(x) is obtained in the same
manner as L;(x); the only exception is that in
this case

K0 (Xis 1) + My 10(x4 1)

Py=0, B=123..2k~-1 (22
sz = hk+1
0 a | [
0 B, 0
0 Ay, 0
0 B,, 0
0 Az, 0
= |. (17)
-1 Bi_1.4 0
0 Ay 0
hk+1 _Bkl ] 0_
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and all the 4;; and B;, can be determined.

Solution, U{x, t)

With the constants A4,,, B;,, 4;; and B, known,
the problem is sufficiently simplified so that a
series solution [2] for equation (7) can be
assumed wherein the unique orthogonality
conditions developed by Vodicka [7,8] can
be used. Thus

Ut = 3 w0 Xatd @3

xiéx<xi+1, i=1,2,3,...,;{, {20.
When an internal boundary condition such as
equation (12b) is used in equation (23), the

following result is obtained:

U444t -
i‘““(“a’”tl‘l = K; Z Ui(1)

X m=1

K dXim_(xi+1)

an (xi ,t) st
+lax+i :KH-IME

dX sy m(Xie1)
dx '

= Ki+1

(24)

X Uy, l.m(t)

Equation (24) s still an identity if for any m

L 1m(t) Xmm(xH- 1)

dXHl.m(xiil‘)_

dx (25)

= K181, m(D)

For arbitrary ¢ and fixed x;,,, equation (25)
can be an identity only if

uim(t) = U;4 l,m(t) = um(t)’ (26)
Thus equation {23} can be replaced by
Ut = 3 OXul) @)

i=1,23...,kt=0

where u,(t) is a function to be determined from
the initial conditions and X,,(x), x; € x € x;.,
i=1, 2, 3 ..., k, are eigenfunctions of the
eigenvalue problem

X € XK Xy,
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D} d [ _dx,
el &

X XK Xy,

] + 2 X(x) =

i=123....k

where the constant ¢ has the value 0 for plates,
1 for cylinders and 2 for spheres and where
7n 18 an eigenvalue of the problem. Equation
(28) has the following external boundary con-
ditions:

dX lxr)

(a} dx }E‘:le(xl) =0
29)
dX(x h (
o) emredy By =0
- k

and the following internal boundary conditions:
_Ki_dXim(xiJr 1)

s X (X
(a) h,-+ ) dx 1m(xz+ ‘)
~ Xiv mlXiv 1)
(30)

AX (s 4 1) - dXisy, m(’fzn)
b) Ki—— =Ky .
The solution of equation (28} is

Xim(x) = AimMim(x) + B,-,,,N;M(X} (31)

where M,,(x} and N,(x) are linearly indepen-
dent solutions [2] and are given in Table 2.

T able 2.
Geometry Mm(x) Nu(x) m
i hY Q
Plate (c = 0) cos (- »c) sin (’—”‘ \) 1.2,3
D, D,
i Inx 0
- 'ym ’”M
Cylinder{c = 1) J, (5: x) Y (IB x) 12,3,
1 1/x Q0
Sphere (¢ = 2) lsin(“ ) ! ("’" > 1,2,3
cre = - e X —CoS|{—x sy Dy
P ¢ x D, D,
The eigenvalues y,, m = 1,2,3,..., are ob-

tained by inserting equation (31) into the bound-
ary conditions, equations (29) and (30); the
result is a system of 2k linear homogeneous
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equations from which the constants 4,, and
B, m=1,23,..., can be determined. This
system of equations has a non-trivial sclution
when its determinant is equal to zero. Setting
this determinant equal to zero we obtain the

transcendental equation

M%(x)

NE(xxs 1)

=0,m=123,... 33

and

Dy # 0, m=0, (y, = 0is not an eigenvalue)
(34)

for determining the eigenvalues 7,. An expanded
form of this determinant for any k is given in
the appendix. Equation (33) has an infinite
number of roots

V<Y< < . <Y, < (3%)

and for each of these roots are corresponding
values of A4, and B,, in the eigenfunction
Xifx), i=1,2,3,...,k which can be deter-
mined to within a multiple of an arbitrary
constant, and due to the form of equation (27)
and a normalization process, which is explained
in equations (36)-{44), the solution is unaffected
by the value of this constant and with complete
generality, it can be replaced by the number 1
(one), and X, (x). i = 1,2, 3,..., kis completely
specified.

The functions X, (x} and X, {x}, x;<x <
X1, i = 1,2,3,..., k m n, integer, are ortho-
gonal with respect to the weighting function

= VT (36)

in the domain [x,, x,.,]. The orthogonality of
these functions is
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X+

k '
Y piCh | XX ()X () dx
=1

const, m=n
= > ?
{0, m £ n} (37

and can be shown by integration by parts and
then using the internal and external boundary
conditions.

The function L;(x} satisfies Dirichlet’s con-
ditions and if Qux,t) and G4{x) also satisfy
Dirichlet’s conditions, then these functions
can be expanded in an infinite series of the
eigenfunctions

L) = 3l Xinl) (38)
Qix, 1) _ &

T L a0Xa 09
G = 3 0uXin(x) )

When equations (38)-(40) are multiplied by
pC,ix X ,(x) and then integrated with respect
to x from x; 10 x;,; and then summed for all
the values of i, the following relations for
bmj» 4mlt) and g,, are obtained:

{Coi j ‘LX) X imlx) dx,
mi=}
m=123.. (41
ko Xi+t
4nll) = - Z § x°Qilx, 1) X i) dx,
m; 1 x;
m=1,23... (42)
} k Xis 1
= 2 PCu | X Gix) Xinlx) dx,
Nm Fa Xi
m=123.. (43
where
k ET R
Npw= 3 pCp | *[Xum()]* dx,
i=1 Xi
me=1,23... (44
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Substitution of equations (27), (38) and (39)
into equation (7) gives

o dF,
EF§3WMM+E%d? %%

m=1

X Xim(x) =0  (45)
i=123...,k t=0
Equation {45} is satisfied if

M)

X S XK Xpays

_ dF,{r)

+ /m m(t) = an (46)

The initial condition for equation (46) is
obtained from equations {10}, {27) and {40}:

Ufx,0) = 3 Xiplx) 400) = Gi)
m=1
= Zi ngim(x) (47}
or
&m((}) = Gm = Uy Z {M}Fj{{}$
m=1,213... (48)
where
§ k X+
=<2 0Cp § XV Xun(x)dx,
mi=1 X5
m=1273... {49
The solution of equation (46) is
u, () = gm e v 4 Gt} *g ¥t
@* A m=1,23,... (50)

ji=1
where the symbol * denotes convolution.

From equations (27) and (50), the solution
for Ux, t) can be written as

Uix, 6} = i {g,,, g ¥R 4 .4 #g ™ ¥
1

3
i

2 d«F‘ z
= 5y Eee } Xol) 1)
= dt
X EXS X,y =123 .0k 120
where
Xim(x) = At‘mMim(x) + B:‘mNim(x)

G. P. MULHOLLAND and M. H. COBBLE

and where M, (x) and N,(x) are given In
Table 2. In equations (31) and (51), the following
relations hold for 4, and B,

A = 1
and
LY LY 1ba
Bim = g_gg* A’.’m: zg}g’ Bzm = ”;})—gv'
.
Ay = 'bz*“z*, i=12734...,k {53)
|b]
!b2i-*!:
B, = BT i=123....k
where |b] and |b), & =1,2,3,...,2k ~ 1 are

obtained from the elements in the determinant
D, equation (33), which is shown in the general
expanded form in the Appendix. Using the
elements in the determinant D, we may write

b1y bis by 2
by by, by 2k
D= = {
*F}Ek*'!.i bRkWLZ bzk-i,zk
?}2?:, i })2& Z bZ}L. 2k
(54)
and
bis bys by 2k
b?l’ 623 524 2%
|b| = #0
b?:k“ 1.2 g’zk" 1.3 bZk—i.2k

(55)
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which is of order 2k — 1. The determinant
lbel, £ =1,2,3,..., 2k — 1, is formed by re-
placing the £th column in |b| by the column
{—byy — by ... ~by_, ) Tormed from the
corresponding elements in D.

Since all the components of U(x, t) and L;{x)
are known, the temperature in each section is
given by

2
T = U0+ ¥ LM FD @
i

.Yisxsx"+i, f=1,2,3,...,k, tZO

The solution T{x, #} gives the temperature in
any of the k plates, cylinders or spheres that
are joined at their k — ! interfaces. The media
have an arbitrary initial temperature distribu-
tion and are subject to heating or cooling at
their mutual external boundaries from two
different time dependent surroundings which
exchange heat through different, though con-
stant, film coefficients; in addition, the media is
also subject to heating or cooling at each of
the k — 1 interfaces which also have arbitrary,
different, though constant, film coefficients. For
infinite values of the film coefficients at the
interface, the problem will reduce to that of
equal temperature at the interface. That is, as

he = 0, £€=23,4,...,k
the interfacial condition at x = xg will be
;r{— }{xga t) = ’{é(xgs {)'

Thus at the interfacial boundaries, the present
solution is able to handle either heating or
cooling, temperature continuity or temperature
discontinuities.

Numerical example

Consider the case of a three-layered compo-
site of lead, aluminum and tin whose initial
temperature is 0°C, Fig. 1. For time ¢ > 0, the
lead face at x = x; = 0 is raised to a tempera-
ture of 400°C while the rest of the composite
is held at 0°C. The following property values
have been used in the calculations:
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7 (o) s Bl t) Tlx,.71=0°C
Blxs f); Talxs,?) l

N <

Tx, 1) = 400°C

Lead Aluminum Tin
I 2 3
X =0¢cm Xa*=2cm X3=4cm Xaz6iom
FiG. 1. Three layered composite.
Xl =D, xl =2Cm, .x3 =4Cm, X“:écm

py = 1108 g/em®, p, = 271 g/cm3,
ps = T4 g/em?
Cpy = 0031 cal/g°C, C,, = 0181 cal/g°C
C,3 = 0054 cal/g°C
K, = 297-64 cal/cm °C h,
K, = 1741-18 cal/cm °Ch,
K = 565'51 cal/em °C/h.

The transcendental equation for determining
the eigenvalues is given by equation (56). This
equation (56) has an infinite number of roots
v, and for each of these roots there are cor-
responding values of 4, and B,, in the eigen-
function X,,(x). Table 3 lists the first 20 eigen-
values for this particular problem.

Table 3.
m Yo m m
i 16-6565 11 2277768
2 44-20136 12 239-4976
3 583468 13 2674471
4 83-6840 14 283-3284
5 99-9762 5 303-6040
6 122-2505 16 3243276
7 139-9455 17 347-2548
8 165-6957 18 3660599
9 182-8667 19 383-1424
10

199-6942 20 4103552

When the cigenvalues for the problem are
determined the solution for the temperature
distribution in each region of the composite



G. P. MULHOLLAND and M. H. COBBLE

156

€ €
rx s|m\~ uls rx sn\w $OD 0 0 0 0
€ € (4 T € (4 [92 8>
ex Lson - ex Ds ex T o0 4 A ex Qg 477 0 0
g o w U Egty o eg ey
€ £ [4 4
(9¢) 0= 1| tx _.% urs —  fx sm $00 — £x % urs £x % $00 0 0
[4 [4 T 179 (4 I 1q L4
0 0 uxs|Q $00 — tx EQ\ urs Ix y@ .moomlmlﬁN 2N % uis |Q~|vm
d L 4 a'y Lotgty
C z 1 i
0 0 I _.M uis — 2 sm\w SO0 — tx _.M urs S E|M 509
0 0 0 0 0 I




DIFFUSION THROUGH COMPOSITE MEDIA 157

can be written by using the methods outlined  YwXs VX3 — X5) 2 2
in equations (17)~(22) and equations (38)A51). Sin D, cos D,
The results are + e = %)
sin /mXa = *3)
D,
Ti(x, t) = 400(A,,x + By;) —400 p,C,,D,
© VX g=———"—~n_ N -
+ Y gne ™ sin 5 (57) Im*Ym
m=l ! KD, 7 . ImlX — X3)
X = | =1 2cos L2 x, | sin =
T,(x, 1) = 400(A,,x + By, 2n(X) [Kle D, XZ] "D,
m=1 Dl D2
K.D Y
Tyx. 1) = 400(A3,x + By)) Xonfe) = — [ﬁ cos 122
+ . €T X o () (59) N — N
mgl g anf sin InlXs — X2) + sinmX2
D, L
where sin /X — Xa)
os VX3 — xz)] D
KEQ = K1K3(X3 - XZ) + Kle(x4 bt X3) DZ Sinym(X4_X3)
+ Ky K5(x; — x4) Ds
The resulting temperature distribution is given
K,K; K,K, Lne : N
Ay = — K Au=—"F%— in Figs. 2 and 3 for various values of position
EQ EQ x and time ¢.
K, K
A31 == KlEQZ 1-0
B,, =10, B, = K Kj3x; + K Ky(x4 — x3), o
KEQ 08
B K 1K;x, < o7
31 7 <
Keq N oe
N = p1Cp1x2 + p2C (x5 — X,) S o5
" 2 2 e
S o4
. o TmX2 K,D, 2 °
X | sin ——Dl + K,D, o3 +-0-Olh
Co(Xy — X o2t r=00008 h
cos? YmlX2) n P p3( 4 3)
D, 2 o1t

KD, cos VmX2 sin YmlX3 — X3) :
K,D, D, D,
o V,..(X4 — X3) Position, c¢m

S
D, FI1G. 2. Temperature distribution.
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/v

Temperature,

[}
ool % =0-5cm
[2:]
o7
06 ~x=l5¢cm
05
o4l . x230cm
o3 X245 cm
o2
o
) x=26:0 cm .
0-00t 0-0l ot o

Time, h

F1G. 3. Temperature-time history within composite.
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APPENDIX
The expanded form of the determinant, equation (33),

that gives the transcendental equation for determining the
eigenvalues y,, is given in equation {A.8). In equation (A.8).
the following identities hold:

2. P. E. Buravin and V. M. KascHegv, Solution of the . , hy
non-homogeneous heat conduction equation for multi- Miwlx) = M) = e My (x1) (A1)
layered bodies, Int. Chem. Engng S, 112-115 (1965). k
. H. 8. CarsLaw and J. C. JAEGER, Conduction of Heat in Iy
Solids, 2nd Edn, pp. 305-347. Clarendon Press. Oxford NTa(x) = Niplx,) - e Nymlxy) (A.2)
(1959). '
m;f,"(xl) N (x,) 0 0 0 0 0
M3,(x,) N3, (x2) —M,,(x2) = Nam(x2) 0 0 0
P M) A Nimls) M) = Nhlx) 0 0 0
0 0 M3n(x3) NEulxs) = Manlx3) = Namlx;) 0
0 0 Z3MYyn{(X3} 23N p(x3) =M (x3) = Niulx3) 0
0 0 0 0 ME(x,) NE(x) - M nlx
D=0 0 0 0 IaMy(x,) JaNGa() = Min(x
0 0 0 0 0 0 0
0 0 0 0 0 0 0
0 0 0 0 0 0 0
L
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K,
Mix) = h . Mi_ W)+ Mo (X,

i

i=2,3,4,...,k (A3}
K.
NE(x) = “;T‘lN;~1‘m(xi) + NioymlXi)

i=234,..,k (A4

h
MEs s wlXea ) = My (s ) + -;fi My(xes1) (A
k

A
N tomdXes ) = Niwlxer 13 + ‘% NemXes 1) (A5
X
and
A= KifKioy, i=14123, k-1 (A7)

where the M, (x) and N, (x) are given in Table 2.

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 0 0 0 0
0 G y 0 0
= Ngm(X4) 0 0 0 0
= Nimlxs) [t Y 0 0 =0 {AB)
0 . . . M} (x) NE(x,) — M%) = Nym(%y)
0 . . . P Mo (x0) Ag 1 Npw i 20) — MitX:) — Nym{Xe)
0 . - - 0 0 M, 1 {Xpa ) N (i)
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ASHOK K. KUDVA and ALEXANDER SESONSKE

DIFFUSION A TRAVERS DES MILIEUX COMPOSITES

Résumé—On a résolu I’équation de diffusion pour une distribution de température dans chacune des &
sections d’'un composite avec génération de chaleur interne et aux k —- 1 interfaces, soit un chauffage, soit
un refroidissement, soit un contact thermique parfait. Le composite consiste en k& plaques, cylindres ou
sphéres discrets, chacun étant de maticre différente. Les & sections ont une distribution de température
initiale arbitraire et les conditions d’échanges de chaleur aux frontiéres externes s’exprimant par deux
coefficients de film différents, constants et arbitraires avec deux environnements différents dépendants du
temps.

On recherche la solution en utilisant une substitution a variable unique dépendante qui donne une nouvelle
équation aux dérivées partielles avec des conditions limites homogénes externes. En utilisant la relation
d’orthogonalité de Vodicka, on obtient la solution de cette équation aux dérivées partielles.

Cette solution donne la distribution de température dans chaque élément pour une position X quelconque

en fonction du temps ¢ et pour le type le plus général de conditions initiales et aux limites.

DIFFUSION DURCH ZUSAMMENGESETZTE MEDIEN

Zusammenfassung —Es wird die Diffusionsgleichung in jedem der & Abschnitte eines Verbundsystems mit
inneren Wiarmequellen gelost; an den & — 1 Zwischenflichen kann dabei Heizung. Kiihlung oder
vollkommener thermischer Kontakt vorgesehen sein. Der Verbundkdrper besteht aus k Platten. Zylinder-
oder Kugelschalen aus unterschiedlichem Material.

Die k Abschnitte haben eine beliebige Anfangstemperaturverteilung. und die Medien tauschen an den
dusseren Grenzflichen Wirme durch zwei verschiedene, aber konstante, beliebig grosse Wirmetibergangs-
koeffizienten mit zwei verschiedenen, zeitabhdngigen Umgebungen aus.

Die Lésung wird erhalten durch Verwendung einer eindeutigen Substitution fiir die abhangige Variable.
welche eine neue partielle Differentialgleichung mit homogenen dusseren Randbedingungen liefert. Die
Losung fiir diese abgeleitete partielle Differentialgleichung wird dann unter Verwendung einer Ortho-
gonalititsrelation nach Vodicka gefunden. Die so erhaltene Losung liefert die Temperaturverteilung in
allen k Platten. Zylinder- oder Kugelschalen an jeder Stelle x und zu jeder Zeit 7 fiir den allgemeinsten

Typ linearer Rand-. Innen- und Anfangsbedingungen.

ANOPY31Nl YEPE3 COCTABHBIE CPE/IbI

Annoranua—PeineHo ypasHerue gudysuu Ia pacnpejeseHUA TeMIepaTypsl B KamKoil us
K CEeKUMI COCTABHOIO Teja ¢ BHYTPeHHMMH WMCTOYHMKAMH TEIUIa M HATPEBOM, OXJAKICHUEM
AJM WHEATbHBIM TEPMHUYECKMM KOHTAKTOM Ha K-l moBepxmHoCTAX pasgena. COCTABHOE TeJO
COCTOMT M3 K JUCKPETHHIX IJIACTHH, [MJINHAPOB MIH cdep, MBrOTOBIEHHBIX U3 PA3JIUYHBIX
MaTepuasoB.

B K CeKIHMAX 3aJaHO NPOM3BOJILHOE HAYAJBLHOE paclpejeseHHe TeMIEepaTyphl, a TEIlIo-
ofMeH HA BHEIHWX TPAHUIAX 3aJaH PasjIMYHBIMN, 3aBUCALIMMU OT BPEMEHM I'DAHHYHEIMM
VCJIOBUAMH.

Peulenne nosydeHO ¢ [OMOINGK YHHMBEDCAJIBHONH II0JCTAHOBKH, KOTOpPAsA HPUBOJAT K
muddepeHIMATLHOMY YPABHEHUIO B YACTHHIX IIPOM3BOA—C ONHOPONHBIMM TDAHUYHEIME
ycioBusAMu. Pellenne NoJjyvaeTcd C NOMOUIBIO COOTHOLIEHMA OPTOTOHAJBHOCTH THNA CO-
oTHoIIeHunHi Boguukru.

Tloay4yeuHoe TakuM 0o06pasoM pellleHue jJaeT paclpefesieHHe TeMIepaTypsl B i060i U3 K
NIACTHH, UMAMHAPOB WK chep mpu M000M I0JIOKeHHU X ¥ BpeMeHH AIA Haubosee oGmiero

THIA JTMHeHHBIX IPAHMYHLIX, BHYTPEHHNX U HAYAJIBHBIX YCJIOBHIH.



