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Abstract-The diffusion equation for the tempe~ture distribution in each of k seetiom of a composite 

with internal heat generation and either heating, cooling or perfect thermal contact at the k I- I interfaces 
is solved. The composite consists of k discrete plates, cylinders or spheres each of different material. The k 
sections have an arbitrary initial temperature distribution and the media are exchanging heat at the external 
boundaries through two difftrettt, though constant, arbitrary film ~~e~~~en~ with two different time 
dependent s~rou~d~n~. 

The soiution is &mined by using a unique dependent variable su~~~r~t~on which gives a new partial 
differential equation with honloge~eo~s external boundary conditions. The sdution for this derived partial 
differential equation is then obtained by using the Vodicka type of a~h~gonali~ relationship. 

The solution, thus obtained, gives the temperature distribution in any af the k plates, cylinders or spheres 
for any position x and time t for the most general type of linear boundary, internal and initial conditions. 
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defined by equation (6); 
ratio of thermal conductivities, 
dimensionless; 

density in the ith section. 

INTRODUCTION 

THE TREATMENT of problems in diffusion through 

composite media have been handled by many 
authors: some examples of these methods are 
given in Conduction of Heat in Solids by I-I. S. 
Carslaw and J. C. Jaeger in which they used 
complex variable methods and residue theory 

to obtain the temperature distribution. The 
difficulty with the above mentioned techniques 

is that for composites with more than two layers 
the usual analytical techniques become very 
formidable and practically preclude obtaining 
solutions in this manner. The first significant 

contribution to solving problems of this type 
occurred in two classic papers by V. Vodicka 

[S, 91 in 1950 and 1955. The method was 
independently developed by C. W. Tittle [7] in 
1965. These solutions are based on a new type of 
orthogonality relationship in which the ortho- 
gonal sets are constructed from the non- 
orthogonal eigenset, which comes about from 
the separation of variables method of solution. 

by using orthogonality factors for each layer 
which are obtained from the orthogonality 
condition. This method was used by Bulavin 
and Kascheev [2] in 1965 to solve the heat 

conduction problem with heat generation in a 
composite domain of k sections for plates, 
cylinders or spheres that are insulated on one 
boundary and are exchanging heat with a time 
dependent surrounding on the other external 
boundary. In 1967, Beach [I] treated conduction 
heat transfer in multilayered cylinders with 
temperature continuity at the interfaces and 
Moore [5] solved the problem for a two-layer 
slab with a temperature discontinuity at the 
interface; both author’s used simple external 
boundary conditions to obtain their solutions. 
A fairly complete review of the literature in the 
analysis of composite media is given by Ozisik 

C61. 

In this paper, the particular problem of heat 
conduction through composite media is solved: 

the problem that is considered is of the most 
general type for plates, cylinders and spheres. 

The composite media have an arbitrary initial 
temperature distribution, and are subject to 

being heated or cooled at their mutual external 
boundaries by two different, arbitrary, time 
dependent surroundings, each having a different 
arbitrary constant film coefficient through which 
heat is transferred. At the k - 1 interfacial 
boundaries. the media are subject to being 

heated or cooled through different arbitrary 
constant film coefficients through which heat is 
transferred along with the condition of conti- 

nuity of heat flux: for very large values of the 
film coefficient (hc + X. < = 2,3.4.. , , k) at the 

interfacial boundaries, the problem reduces to 
that of temperature continuity at the interface. 

The solution is developed by using a unique 
dependent variable transformation which gives 
a new partial differential equation with homo- 
geneous external boundary conditions. The 
solution for this new partial differential equation 
is obtained by using the Vodicka type of 

orthogonality relationship. 
When one external film coefficient is zero and 

all the interfacial film coefficients are very large, 
the method gives solutions to the Bulavin and 

Kascheev type of problem. Additionally, the 
method reduces to a standard SturmPLiouville 
problem when k = 1, giving classical solutions 
for problems of a single component. 

PROBLEM 

The temperature distribution in the ith section 

of k solidly joined plates, cylinders or spheres 
is given by the diffusion equation: 

.ui~.u<.xi+,, i= 1,2,3 ,..., k,t>O 

where 

V2 = Laplacian operator 
T = temperature in the ith section 



DIFFUSION THROUGH COMPOSITE MEDIA 149 

Qi = distribute source in the ith section To obtain homogeneous external boundary 
Ki = thermal conductivity in the ith section conditions, let 
Pf =I: IQ/p& = thermal diffusivity in the 

ith section 7;,(x, t) = UifX, t) + i Lij(vU) F](t) (4) 
pi = density in the ith section j= 1 

C,{ = specific heat in the ith section. Xi<X<Xi.+l, i= 1,2 ,..., k,t>O 

The composite media are subject to the follow- and further let 
ing external boundary and initial conditions: 

V’L,j(X) 2= 0 

(a) fG so that 

= - f%* lITfh+ 13 0 - Y2fOl 

(C) T(X, 0) = J((x), Xi G x < Xi+ 13 

i = 1,2, t 0 a, k 

where 

(2) 

&3&+1 = external surface film coefticients 
0 G h,, h,,, d a3 (one but not 
both may be zero) 

y%(t), yZ(f) = temperature of surroundings. 

The problem where both surface film coefficients 
are zero corresponds to either insulated external 
boundaries or a known heat flux input at the 
external boundaries and the solutions can be 
obtained in the same manner as given here. 

At the internal boundaries, the media are 
subject to the foi~ow~n~ conditions: 

The function B(x) is given in Table 1 for rect- 
angular, cylindrical and spherical geometries. 
Substitution of equations (4) and (5) into 
equation (1) gives 

Q&lx* tf 
~~V2Ui(X, t) + 0; ; 

2 

xi < _X < Xi+lr i = 1,2,3,...,k,f B 0 

where 

F,(t) = -Y&f (8) 

and 
(a) 

F2(0 = J%(f) (9) 

= hi+ltTitxi*I, 0 - K+ *h+ 13 01 (3) Table 1. 
___ -._.“.--_.-._.-._ I _ -__ 

RI K an%+ 1, tl = K. a+ I(%+ 1, fl Geometry B(*) 
I 

8X 
r+l 

dX 
Plate 
Cylinder ;nx 
Sphere l/X 

where 
_-_._ ‘~:.” .._. -_ --_-- .-_._. 

h i+ 1 =2; surface film coe%cient at x = xi+ 1, 
For U,(X, t), the initial conditions are 

II 

i = 1,2,. . *, k 
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the external boundary conditions are and the internal boundary conditions for L,,(x) 
are 

au,(-% t1 
(a) KI ax - h, Ul(X,, t) = 0 

(11) (a) ’ -Ip+;:i+ 1J 2 hi, l[Li,(xi+ J 

(b) K, dUk(;;l’ ‘) + hl,cl UE(.xR+ 1, t) = 0 - Li+ 1. ICxi+ I)] (14) 

and the internal boundary conditions are (b) z dx = 
~,~I(xz+ I) K. dLi+ l.l(Xi+ 1) 

r+l~~ dx 

@if 
au, 

-Ki ;;- (.Yi+ 1, t) = hi+ L [Ui(Xi+ 1. t) For L&X), the external boundary conditions are 

(12) (a) Kl 
d-&,@,) ~__ - ~Z,~~~(X~) = 0 

d.u 

The external boundary conditions for Lil(x) are 
and the internal boundary conditions are 

d-k ,(xJ 
(a) & dx - ~I-&,(~,) = h, 

(a) -Ki dLi2xi+ 1) = hi+, [L&+ 1) 

d&c, - Li+ I. Z(li+ I)] (16) 
(b) JG&ri+,) + &+lLkl(-~+I) = 0 (131 

(b) & 
d&2(x<+ 1) = K_ dLi+ 1. z(Xi+ 1) 

du i+ 1 d.u 

~ 0 /.l 0 j-$+2) KIWX,) K, 2 - + h,W,) @2) -4 0 0 .. 0 1 -1 -0 0 Fo’(XJ) i, 3 (%I + @(XJ) 

0 

~ 

0 

0 

0 0 

0 0 

0 0 

0 

-1 

0 

1 

0 

0 

0 

0 

0 . 

0 . 

0 . 

-@(x3) . 

-1 

0 . 

0 . 

0 . 
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Solution, L,l(X) and 
The solution for L,i(.u) is obtained by apply- P, = h, 

ing the internal and external boundary condi- 
tions, equations (13) and (14), to equation (6); 

P, = 0, j3 = 2,3,4,, . ,2k. (20) 

the result is a system of 2k linear non-homo- Equation (17) has a unique solution given by 
geneous equations for determining the 2k 
constants Ai, and Bi,. PlI __ l&l 

In matrix form, the 2k simultaneous equations 
z1=la(> zz= ,a,,..., 

are given by equation (17) and in matrix notation 
they can be represented by 

IDA IkCI -__ zfl =m~“‘? Z2k - la\ (21) 

[aI 14 = P> (18) where D, is the determinant formed by replacing 
the elements of the j?th column (alp, u,~, . . , 

where the elements of the square matrix uCs 4, v, 
+#$) by the P column (PI, Pz, . , P2k) in the de- 

= 1,2,3, . . . ) 2k are obvious and where 
terminant of the coefficient matrix, Ial. Thus all 
the A,, and Bi, can be determined. 

21 = A,,, 22 = Br1, 
Solution Liz(X) 

The solution for Li2(x) is obtained in the same 

23 = A,,, 24 = B21, manner as &r(x); the only exception is that in 

this caSe Z2@-1 = A,,? zza = BP,, fl = 1,2,3 ,..., k (19) 
P,=O, fl= 1,2,3 ,..., 2k- 1 (22) 

Z2k-l = A kl. ‘2k = Bk, 
p2k = hk+l 

0 0 

0 0 

0 0 

0 0 

0 0 

y 0’(x,) f 0(x,) 1 - 0(xk) 

k 

k-1 0 -1 

0 Kk8’(xk+ I) + hk+ letxk+ I) 

0 

0 

0 

0 

0 

.l 

0 

h k+ 
- 

7 

11 

B 11 

A 21 

B 21 

A 31 

= 

Bk-1.1 

A kl 

B kl 
- - I- 

hi 
0 

0 

0 

0 

0 

0 

0 _ - 

(17) 
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and al1 the Ai, and B, can be determined. 

Solution, Ui(X, t) 

It; d dX. -- xc dx [ 1 y _..-A!! 
dx 

With the constantsAiI,BiI, A, and Bi, known, Xi < X < Xi+ 13 

+ &Xi,(X) = 0 (28) 

i = 1,2,3 ,..., k 

the problem is sufficiently simplified so that a where the constant c has the value 0 for plates, 
series solution [2] for equation (7) can be 1 f 
assumed wherein the unique orthogonality 

or cylinders and 2 for spheres and where 

conditions developed by Vodicka [7~ g] can 
:/nr is an eigenvalue of the problem. Equation 

be used. Thus 
(28) has the following external boundary con- 

ditions: 

u/itx3 t, = f uim(t) xim(x) 
m=l 

(23f (a) dX,,(x,) h, 
dx 

- OX,, = 0 
I 

Xi G X < Xi+13 i=1,2,3 ,..., k, t>,O. 

(b) 
dX,@~+ 1) k 

(29) 

When an internal boundary condition such as dx 
+ F XRm(Xk+ 1) = 0 

k 

equation (12b) is used in equation (23), the 
following result is obtained : 

and the following internal boundary conditions: 

K atxi + 13 t, 
Ki ~ u,(t) __.- dXi&i + I) 

i -= 03x Ill=1 d.u 

= K. aui* llxi+ 13 t, 

z-b1 ax =l(i+l g 
m=l 

x %+ l.nM 
dXi+ l,m(Xi+ 1) 

cquatron (241 is stru an ~a 

dx ’ 
(24) The solution of equation (28) is 

_ . . ,_I\. _.‘. 
. lentity if for any in 

X,,(-~) = Ai,Mi,(.U) + Bi,N,,(x) (31) 

dXim(xi+ I) 

where M,,(x) and Ni,(.K) are linearly indepen- 

Ki”im(t) dx 
dent solutions [2] and are given in Table 2. 

Tahlr 2. 

(a) 2dXifzi+ ‘2 = Xim(xi+ ,) 
r+l 

- xi+ l.mCxi+ 1) 

fb) Ki 
dXim(xi+ 1) = p+. dX,+ l.m(-xi+ 1) (30) 

dx tit dx ’ 

dXi+l,nt(xi+ 1) 

(25) = Geometry 

T__- Z.-L- ~~ _. 
= Ki+l”i+l.mttl dx -* ‘vi,&) N,,(x) m 

_~ 

For arbitrary t and fixed xi+ 1, equation (25) 
~~~~~~) sin ($) O can be an identity only if Plate (c = 0) I.&J,... 

uim(tf = ui+ l.JE) = umft)* (26) 

Thus equation (23) can be replaced by Cylinder (c = 1) Jo(&) &j O 1,2,3,... 

ui(x7 t, = J um(t)Xi*(x) (27) 
Sphere (c = 2) 

i= 1,2,3 ,..., k,t>O 

tsinigx) icos&x) I,*,“,,. 

Xi G x < Xi+17 -r .-.-__ .-... --..._ ___ z- .~~___ .._ ..__. ._ .___~~. _~_~~ ~_ 

where u,(r) is a function to be determined from The eigenvalues ynr, M = 1,2,3 ,..., are ob- 
the initial conditions and X,(x), xi G x < xi+ Ir tained by inserting equation (31) into the bound- 
i= 1, 2, 3, . ..) k, are eigenfunctions of the ary conditions, equations (29) and (30); the 
eigenvalue problem result is a system of 2k linear homogeneous 
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equations from which the constants A, and 
B, m=1,2,3 ,..., can be determined. This 
system of equations has a non-trivial solution 
when its determinant is equal to zero. Setting 
this determinant equal to zero we obtain the 
transcendental equation 

D=Dm= 

and 

, * en(%+ 1) I 
= 0,m = 1,2.3,... 1331 

De # 0, m = 0, (70 = 0 is not an eigenvalue) 

(34) 

for determining the eigenvalues yNa An expanded 
form of this determinant for any k is given in 
the appendix. Equation (33) has an infinite 
number of roots 

‘il < yz < yJ < . . . < ym < . . . 135) 

and for each of these roots are corresponding 
values of Aa and B, in the eigenfunction 
X&x), i = 1,2, 3,. . . , k which can be deter- 
mined to within a multiple of an arbitrary 
constant, and due to the form of equation (27) 
and a normalization process, which is expfained 
in equations (36)-(44), the solution is unaffected 
by the value of this constant and with complete 
generality, it can be replaced by the number 1 
(one), and X&X). i = 1,2, 3, , . . , k is completely 
specified. 

The functions XJ,x) and X,(x), xi < x 4 

xi+ 1* i = 1,2,3,. . . , k, m, n, integer, are ortho- 
gonal with respect to the weighting function 

in the domain [xi, xkf 1]. The orthogonality of 
these functions is 

= 
i 

const., m = n 

0, m#n I 
(371 

and can be shown by integration by parts and 
then using the internal and external boundary 
conditions. 

The function Lijfx) satisfies Dirichlet’s con- 
ditions and if Qi(x, t) and G,(x) also satisfy 
Dirichlet’s conditions, then these functions 
can be expanded in an infinite series af the 
eigenfunctions 

When equations (38)-(40) are multiplied by 
p,C,,x’X,(x) and then integrated with respect 
to x from xi to xi+ I and then summed for all 
the values of i, the following relations for 
lmj, q&) and g, are obtained : 

n? = 1,2,3,... 

~~ = ~ i: piC,i xij ’ X’ G,(X) X,fXf dx, 
m i-l xi 

m = 1,2,3,... 

where 

(4%) 

(421 

(43) 

(44) 
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Substitution of equations (27), (38) and (39) and where M,,(x) and N&) are given in 
into equation (7) gives TahIe 2 In equations (31) and (5 I ), the following 

- %I&~ 

I  

relations hoId for A, and B,,: 

A,, = I  

x X,,(x) = 0 (4s) and 

The initial condition for equation (46) is & _ l&-II 
obtained from equations (IO), (27) and (40): zI)t -jbj* 

i = f,2,3,...,k 

nz= I,2 3 I,.“... 
The solution of equation (46) is 

I&) = g= e- &’ $ Qt) *emYk’ 

I-53) 

where fbf and l&l, C = 1,2,3,., ,,2k - 1 are 
obtained from the elements in the determinant 

(47) D, equation (33), which is shown in the general 
expanded form in the Appendix. Using the 
elements in the d~t~~~nant r>, we may write 

where the symbol * denotes convolutian. 
From equations (27) and (50) the solution and 

b 11 b 12 

b 21 b,, 

. I I b 1.x 

. . . b 2.2k 

) , . . 

z.2 0 

154) 
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which is of order 2.4 - 1. The determinant 
/ b<j, 5 = 1,2,3, . . . , 2k - 1, is formed by re- 
placing the @I column in fbl by the column 
(-b,, - b,, . . . -b2k--1. ,) formed from the 
corresponding elements in D. 

Since all the components of U,(x, t) and A!+)(X) 
are known, the temperature in each section is 
given by 

-Yi ~ X ~ Xi+r, i=f,2,3 ,..., k, t>O 

The solution 7@, r) gives the temperature in 
any of the k plates, cylinders or spheres that 
are joined at their k - 1 interfaces. The media 
have an arbitrary initial temperature distribu- 
tion and are subject to heating or cooling at 
their mutual external boundaries from two 
different time dependent surroundings which 
exchange heat through different, though con- 
stant, film coefEcients; in addition, the media is 
also subject to heating or cooling at each of 
the k - 1 interfaces which also have arbitrary, 
different, though constant, film coefficients. For 
infinite values of the film coefficients at the 
interface, the problem will reduce to that of 
equal temperature at the interface. That is, as 

A,--+ 00, 5 = 2,3,4, . . . , k 

the interfacial condition at x = -‘it; will be 

Thus at the interfacial boundaries, the present 
solution is able to handle either heating or 
cooling temperature continuity or temperature 
discontinuities. 

Numerica 1 example 
Consider the case of a three-layered compo- 

site of lead, aluminum and tin whose initial 
temperature is O”C, Fig 1. For time t > 6, the 
lead face at x = x1 = 0 is raised to .a tempera- 
ture of 400°C while the rest of the composite 
is held at VC. The folfowing property values 
have been used in the calculations: 

, 
k t, 

Lead Aluminum Tin 

I I 2 3 

xl =Ocm xz=2cm x3=4cm x.&cm 

FIG. 1. Three layered composite. 

x,=0, x2=2cm, +=4cm, x,=Eicm 

p1 = I l-08 g/cm3, p2 = 2-71 g/cm3, 

p3 = 74g/cm3 

C,, = @03t calfg “C, C,, = O-f81 Cal/g “C 

C,, = 0.054 Cal/g “C 

K, = 29764 Cal/cm “C h, 

K, = 1741.18 Cal/cm “C h, 

K, = 56551 cat/cm “C/h. 

The transcendent~ equation for dete~in~ng 
the eigenval~~ is given by equation (56). This 
equation (56) has an infinite number of roots 
‘I, and for each of these roots there are cor- 
responding values of Ai, and B, in the eigen- 
function X,,,,(x). Table 3 lists the first 20 eigen- 
values for this particular problem. 

2 

4 
5 
6 

8 
9 

10 
.._~______ _. 

16.6565 11 227.7768 

44.20136 t2 2394976 

58.3468 13 267-447 I 

83%840 14 283.3284 

99.9762 15 303~6040 

122-2505 I6 324.3276 

139.9455 17 347.2548 

165.6957 18 366.0599 

182.8667 19 383.1424 

f 99.6942 20 410.3552 
----~_.I-_-~--..~ _~_. .__ . ..__ ____ ----..--._-.__-...__ _____..~__ ._ 

When the eigenvalues for the problem are 
determine the solution For the temperature 
distribution in each region of the composite 
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0 0 

0 0 

0 0 

0 
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can be written by using the methods outlined 
in equations (17)-(22) and equations (38H51). 
The results are 

sin Z?!!BY? cos 
%?I(% - x2) 2 2 

D, D, 
+ 

sin Ym(X4 - ‘3) 
D1 

TI(X, t) = 4OO(A,,x + B,,) 
m 

+ C gm &Y?ht) sin+?! 
m=l 1 

7Xx, r) = 4WAzIx + B2J 

f f gmeceyRt) X,,(x) 
m=l 

T&x, t) = 400(‘43lX + &I) 

+ 5 gm e(- &‘) X,,(x) 
m=t 

where 

KEQ = K,K3@3 - x2) + K,K,(x, - x3) 

9= 
-400 P&PI 

(57) YJ’J, ’ 

(58) 

X,,(X) = KID2 KDcoss x2 
1 sin Y& - x2) 

2 1 1 D 2 

[ sin ‘im D, x2 1 %I 6 - x2) cos 
D2 

X,,(x) = - 
[ 

KID2 Ym x2 
~COS~ 

2 1 1 

(59) sin Ym(X3 - ‘Z) + sin Y,. x2 

D, DI 

+ K,K& - ~1) 

A,, = +, A,, = -=$ 
EQ 

K,K, 
A31 = - r 

EQ 

Bll = 1.0, B,, = 
K,K,x, + K,K,(x, - ~3) 

K 
7 

EQ 

K,K,x, 
B,, =- 

K EQ 

PlC,lX2 

Nm=-2+ 

P2Cp2(X3 - x2) 

2 

K,Dz YmXz . Y&3 - x2) 
m cos o, sin ~__ 

D2 

sin Ym(X4 - x3) 

& 

cos 

sin Y& - x4) 
03 

sinYm(X4 - x3)’ 
03 

The resulting temperature distribution is given 
in Figs. 2 and 3 for various values of position 
x and time t. 

I 

I 2 3 4 5 6 

Position. cm 

FIG. 2. Temperature distribution. 
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The expanded form of the determinant, equation (33), 

that gives the transcendental equation for determining the 

eigenvalues 1, is given in equation (A.8). In equation (A.8). 

the following identities hold: 

.Af:,(x,) = iM;,(.Y,) - ; .M,,(*,) (Al) 
1 

4. 

5. 

6. 

7. 

8. 

9. 

D= 

%m@,) 0 

N:m(~d _ .~,,(.%) _ 

i, NgxJ - M;,(u,) _ 

0 Wm(.Y3) 

0 iZM;JX3) 

0 0 

0 0 

0 

0 

0 

- M,,(.~,) 

_ W”(.%) 

Mf,h) 

;.3’~f3m(.Q) 

0 

0 

0 

0 0 

0 0 

0 0 
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i = 2,3,4,...,k 

N:(q) = yN;_&J + N,_,.,(xJ, 
I 

i = C&3,4,. . . , k 

i,i=KJK,,,, i=1,2, . . . . k-l 

where the M&) and i?i,,,fxf are given in Table 2. 

0 

0 

0 

0 

0 

-N4&4) . 

-NkmW . 

(A.31 

(A.41 

(A.51 

WI 

(A.71 

A,.. ,Ni_ ,(X*) 

0 
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DIFFUSION A TRAVERS DES MILIEUX COMPOSITES 

R&sum&-On a rCsolu I’Cquation de diffusion pour une distribution de tempkrature dans chacune des k 
sections d’un composite avec g&ration de chaleur interne et aux k ~~ 1 interfaces, soit un chauffage, soit 
un refroidissement, soit un contact thermique parfait. Le composite consiste en k plaques, cylindres ou 
sphkres discrets, chacun itant de matikre diffkrente. Les k sections ont une distribution de tempbrature 
initiale arbitraire et les conditions d’ichanges de chaleur aux frontiires externes s’exprimant par deux 
coefficients de film diffkrents, constants et arbitraires avec deux environnements diffkrents dependants du 
temps. 

On recherche la solution en utilisant une substitution a variable unique dtpendante qui donne une nouvelle 
tquation aux d&iv&es partielles avec des conditions limites homogenes externes. En utilisant la relation 
d’orthogonalit& de Vodicka, on obtient la solution de cette Cquation aux d&ivies partielles. 

Cette solution donne la distribution de tempkrature dans chaque tltment pour une position Xquelconque 
en fonction du temps t et pour le type le plus g&n&al de conditions initiales et aux limites. 

DIFFUSION DURCH ZUSAMMENGESETZTE MEDIEN 

ZusammenfassungmpEs wird die Diffusionsgleichung in jedem der k Abschnitte eines Verbundsystems mit 
inneren WIrmequellen gel&t: an den k- 1 Zwischenfl&hen kann dabei Heizung. Kiihlung oder 
vollkommener thermischer Kontakt vorgesehen sein. Der Verbundkijrper besteht aus k Platten. Zylinder- 
oder Kugelschalen aus unterschiedlichem Material. 

Die k Abschnitte haben eine beliebige Anfangstemperaturverteilung. und die Medien tauschen an den 
gusseren GrenzflLhen W time durch zwei verschiedene. aber konstante. beliebig grosse Wtimeiibergangs- 
koefftzienten mit zwei verschiedenen. zeitabhlngigen Umgebungen aus. 

Die Liisung wird erhalten durch Verwendung einer eindeutigen Substitution fiir die abhlngige Variable. 
welche eine neue partielle Differentialgleichung mit homogenen Lusseren Randbedingungen liefert. Die 
Liisung fiir diese abgeleitete partielle Differentialgleichung wird dann unter Verwendung einer Ortho- 
gonalititsrelation nach Vodicka gefunden. Die so erhaltene LGsung liefert die Temperaturverteilung in 
allen k Platten. Zylinder- oder Kugelschalen an jeder Stelle x und zu jeder Zeit t fiir den allgemeinsten 

Typ linearer Rand-.Innen- und Anfangskdingungen. 

AHQ@Y3klH qEPE3 COCTABHbIE CPEAbI 

hnroTaq&fsr-PerueHo ypasweIwe ,&@y3HH Enff pacnpeneneHaa TeMnepaTypbI n KamfioP 143 
K CeKuMfi COCTaBHOrO TeJIa C BHyTpeHHWMH IlCTO'IHRHaMB TeIIJIa II HarpeBOM, OXJIa?K~eHHeM 
IIJIIl MAeaJIbHblM TepMWIeCHPIM KOHTaKTOM Ha K--I IIOBepXHOCTHX pa3AeJIa. COCTaBHOe TeJIO 
COCTOHT Ii3 K AHCHpeTHbIX IIJIBCTHH, QHJIHHApOB IlJIIl C+ep, B3I'OTOBZeHHbIX H3 pa3JIIWHbIX 
MaTepaanoB. 

B H CeHIJEIRX 3aAaHO IIpOPI3BOJIbHOe Ha'IaJIbHOe paCIIpeAeJIeHr?e TeMIIepaTypbI, a TeIIJIO- 
06MeH Ha tiHeIIIHIlX rpaHAqax 3aAan paanwIHbIMkI, 3aBMCfIqPIMM OT BpeMeHR I'paHAYHbIMU 

yCJIOBHnM&I. 
PeIIIeHEie IIOJIy=IeHO C IIOMOUbH) yIIEIBepCaJIbHOti IIO~[CTaHOBIW, KOTOpaR IIpIWO~HT K 

~@CjjepeH~HaJIbHOMy ypaBHeHIIIo B qaCTIIbIX IIpOI43BOA-C OAHOpOAHblMA FpaHWIHbIMA 
YCJIOBHRMII. PeIIIeHcle IIOJIyYaeTCn C IIOMOIIJbM COOTHOIIIeHPIFI OPTOI-OHaJIbHOCTR TIIIIa CO- 
OTHOIIIeHEli BOAWWM. 

HonyseHHoe TawM oBpa30M pemeHzIe AaeT pacnpeAeneHae TeMnepaTypbI B n1o6oP Ha K 
IlJIaCTBH, ~MJIEIHApOB HJIII C@ep IIpI4 JIIO6OM IIOJIOX(eHIlM X II BpeMeHHAnH HaI46OJIee odwero 

Tuna JIIJHe&HbIX rpaHHYHbIX,BHyTpeHHkIX M Ha4aJlbHbIX yCJIOB&i. 


